Mathematical Framework 
Let a chemical system be represented by a constraint-defined state space Ω, comprising all geometrically and electronically permissible configurations under a given set of constraints. Observable chemistry is restricted to its admissibility boundary ∂Ω, defined as:

A reaction pathway corresponds to a continuous trajectory γ(t) constrained to ∂Ω. Curvature κ(x) of the boundary determines whether γ(t) remains continuous or is diverted into distinct basins. Formally, a mechanism exists if and only if:

Constraint deformation modifies ∂Ω according to:

where ΔC represents changes in solvent, catalyst, excitation, steric environment, or topological restriction. Pathway creation or suppression corresponds to the appearance or disappearance of continuous geodesics on ∂Ω. ∂Ω is the admissible boundary after constraint deformation ΔC.
This formalism gives the geometric foundation for the mechanistic reinterpretations developed in subsequent sections.
Quantifying Boundary Geometry and Accessibility
The mathematical framework introduced above defines reactivity in terms of trajectories constrained to the admissibility boundary (∂Ω). For practical applications, however, the geometry of ∂Ω must be approximated from observable or computable quantities.
A chemical system may be represented by a state vector

where denotes geometric, electronic, environmental, or topological variables. The admissible domain Ω consists of all states satisfying a set of active constraints

The admissibility boundary is therefore

Within this representation, local boundary geometry may be characterised by a curvature field

which quantifies the sensitivity of trajectory accessibility to perturbation. Regions of low curvature correspond to continuous, concerted motion across ∂Ω, whereas regions of high curvature are associated with pathway bifurcation, intermediate formation, or mechanistic switching.
can be approximated from samples PES or perturbation experiments. In this view, energy alone is insufficient to determine reactivity; accessibility also depends on the geometric reachability of states within the admissible domain.
Potential-energy surfaces define possible states, whereas the geometry of ∂Ω determines which states are continuously accessible under a given set of constraints.







Constraint Mapping as a Tool for Determining Reaction Feasibility and Completion
Introduction: From accessibility to observability
Within the Boundary Theorem (BT) framework developed in Gibbons 2026, chemical reactivity is governed by accessibility on the admissibility boundary (∂Ω). A reaction proceeds only if a continuous trajectory exists connecting reactant and product basins. Constraint mapping therefore provides a predictive geometric criterion for whether a reaction can occur.
However, in experimental chemistry this must be complemented by the ability to determine whether a reaction has occurred. This introduces a second layer:
· Geometric feasibility → does a pathway exist on ∂Ω?
· Experimental observability → has the system traversed that pathway?
Constraint mapping and analytical measurement therefore form a coupled system:

Modern analytical techniques provide projections of the system’s position on ∂Ω, enabling empirical validation of geometric predictions.

Constraint mapping and reaction feasibility
Constraint mapping defines the boundary as a function of parameters:

These constraints include but are not limited to:
· solvent polarity
· temperature
· concentration
· catalyst/enzyme presence
· steric and electronic structure
Existence of a reaction pathway
A reaction will proceed if:
· a continuous trajectory exists on ∂Ω
· and initial conditions place the system within its basin of attraction
Failure to react corresponds to:
· absence of connectivity between basins
· or confinement within a local basin (kinetic trapping)
Thus:
· “No reaction” ≠ lack of energy
· “No reaction” = geometric inaccessibility
Predictive use of constraint mapping
Experimental perturbation (e.g., solvent or catalyst variation) effectively scans the geometry of ∂Ω:
	Perturbation
	Geometric interpretation
	Outcome

	Increased acidity
	raises curvature, reveals cationic basins
	reaction emergence

	Dilution
	reduces dimensionality
	pathway suppression

	Catalysis
	introduces new curvature corridors
	reaction activation


This provides a strategy for predicting reactivity:
If constraint variation produces new product signals, then a previously inaccessible region of ∂Ω has become reachable.

Analytical detection as mapping of state-space occupancy
Analytical techniques do not directly observe ∂Ω, but instead measure population across chemical states, which correspond to regions on the boundary.
3.1 General principle
Each analytical method provides a projection:

Therefore:
· disappearance of starting material → exit from the initial basin
· appearance of product → occupation of a new basin
· intermediates → residence in high-curvature regions

Core analytical techniques for monitoring reaction progress
Nuclear Magnetic Resonance (NMR) spectroscopy
Role: direct observation of molecular structure and population
· Tracks conversion via integration of characteristic peaks
· Identifies intermediates, rearrangements, or mixtures
· Provides insight into pathway structure (e.g., SN1 vs SN2-like behaviour)
Geometric interpretation:
· Sharp peaks → well-defined basins
· Broadening or exchange → movement along ∂Ω
· Multiple species → coexistence of accessible regions
Use cases:
· Monitoring reaction completeness
· Detecting equilibrium or reversibility
· Identifying hidden connectivity between basins

Liquid Chromatography–Mass Spectrometry (LC‑MS)
Role: separation + identification of all components
· Detects trace products and minor pathways
· Resolves mixtures that NMR may obscure
· Tracks reaction evolution over time
Geometric interpretation:
· Multiple peaks → multiple accessible basins
· Emergence of new peaks → opening of new pathways
· Trace species → marginal accessibility on ∂Ω
LC‑MS is particularly powerful for:
· testing constraint sensitivity (e.g., catalyst effects)
· identifying Ω′ behavior (rearrangement manifolds)

Gas Chromatography (GC / GC‑MS)
Role: volatile system profiling
· Quantifies conversion and product ratios
· Useful for kinetic tracking
Geometric interpretation:
· Peak ratios reflect relative basin accessibility
· Sudden changes indicate topology shifts in ∂Ω

Infrared (IR) spectroscopy
Role: functional group monitoring
· Tracks bond formation/cleavage (e.g., carbonyl formation)
· Rapid, real-time measurement possible
Geometric interpretation:
· Appearance/disappearance of vibrational modes → transition between state regions
· Useful for identifying entry into new basins (e.g., pinacol → carbonyl)

UV–Vis spectroscopy
Role: electronic structure monitoring
· Tracks conjugation and excited states
· Particularly useful for photochemical systems
Geometric interpretation:
· Reflects changes in electronic curvature of ∂Ω
· Allows detection of boundary inversion (photochemical vs thermal)

High-resolution mass spectrometry (HRMS)
Role: precise identification of species
· Confirms exact composition of products/intermediates
· Detects unexpected rearrangements
Geometric interpretation:
· Reveals occupation of previously unanticipated regions of Ω′

Determining whether a reaction has “worked”
Within the BT framework, reaction success is not binary but corresponds to trajectory completion.
Criteria for completion
A reaction has proceeded if:
1. Starting material basin is depleted
2. Product basin is populated
3. A continuous trajectory has been traversed
Analytically:
	Condition
	Observable signal

	Starting material gone
	disappearance in NMR/LC-MS

	Product formed
	new peaks/signals

	Completion
	stable endpoint distribution



Failure modes
Constraint mapping explains experimental failures:
	Failure type
	Analytical signature
	Geometric cause

	No reaction
	starting material unchanged
	no path on ∂Ω

	Partial conversion
	mixture persists
	competing basins

	Decomposition
	many minor products
	overextended Ω′

	Stalled intermediate
	persistent species
	trapping in high-curvature basin



Integrated workflow: geometry + experiment
A modern workflow combines constraint mapping with analytical feedback:
Step 1 — Predict
· Identify relevant constraints (solvent, catalyst, etc.)
· Hypothesise accessible pathways on ∂Ω
Step 2 — Perturb
· Systematically vary parameters
Step 3 — Measure
· Use LC-MS, NMR, IR to observe state populations
Step 4 — Map
· Correlate signals with regions of ∂Ω
· Identify emergence or disappearance of pathways
Step 5 — Refine
· Adjust constraints to steer system toward desired basin

Conceptual synthesis
Constraint mapping provides the geometric condition for reactivity, while analytical chemistry provides the empirical measurement of trajectory execution.
A reaction “works” when constraint-defined accessibility (∂Ω) aligns with observed population transfer between chemical states.
Thus:
· BT predicts whether a pathway exists
· Analytical techniques confirm whether it is traversed

Conclusion
Constraint mapping transforms reaction design from empirical optimisation into a geometric exploration of accessible state space. Modern analytical techniques—NMR, LC‑MS, GC‑MS, IR, and related tools—allow this geometry to be interrogated experimentally by tracking population shifts across states.
Together, these approaches establish a unified framework:
· Geometry defines which reactions are possible
· Measurement determines which reactions have occurred
In this sense, analytical chemistry can be understood as experimental cartography of ∂Ω, mapping not only what products form, but how the underlying constraint structure governs reactivity.
